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1. INTRODUCTION
Let G be a finite transitive group of permutations on a set V of
cardinality n ) 1. Recall that G is said to be primitive on V if G
preserves no nontrivial partition on V. This condition is equivalent to a
point stabilizer being a maximal subgroup. If g g G, then the degree of g
on V is the number of points moved by g. The minimal degree of G is the
minimum degree of a nontrivial element in G.
One of the classical problems in permutation groups is to classify the
permutation groups whose minimal degree is small. In particular, there are
many results which indicate that if the minimal degree is small, then the
group contains A . One very easy classical result is that a primitiven
permutation group containing transpositions must be S }alternatively, ifn
the minimal degree is 2, then G s S . Similarly, a primitive permutationn
group containing 3-cycles must contain A . There are quite a number ofn
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w xclassical papers discussing this subjects. See W for a survey and proofs of
some of these results.
w xMore recently, Babai B proved that if G does not contain A , then then'Ž .Ž .minimal degree is at least 1r2 n y 1 . He had a very clever proof that
did not use the classification of finite simple groups. The result is essen-
w xtially the best possible, but was improved slightly by Liebeck and Saxl LS
'Ž . Ž .to 2 n y 1 using the classification .
2 Ž .The examples S X Zr2 with n s m and S with n s m m y 1 r2m m
w xshow that these results cannot be improved. In LS , all examples with the
Žminimal degree at most nr3 were classified. They also showed their
.Theorem 6.1 that if the minimal degree is less than nr2, then the unique
minimal normal subgroup of G is a product of isomorphic nonabelian
simple groups, which either alternating groups or Chevalley groups defined
Žover the field of two elements in the alternating case, the action on V is
.also given .
The main result of this paper is a more precise version of these two
results. Indeed, we classify all primitive permutation groups of degree n
whose minimal degree is at most nr2. All examples are essentially variants
on alternating or symmetric groups acting on the set of subsets of some
cardinality k or from orthogonal groups over the field of two elements
acting on some collection of 1-spaces or hyperplanes. Moreover, in the
latter case, the element with this degree must be an involution and,
indeed, a transvection. See the theorem below for a precise statement.
It is sometimes convenient to consider the fixed point ratio of an
element g g G rather than its degree. This is just defined to be the ratio
< < Ž .of fixed points of G on V divided by V . We use the notation f g, M toG
denote the fixed point ratio of an element g g G acting on the set of
Ž .cosets of M in G. Similarly for any G-set T, we define f g, T to be theG
fixed point ratio of g acting on T.
Results on minimal degrees can be useful for identifying primitive
permutation groups. Other areas in which results about fixed point ratios
w xhave proved useful are the study of Riemann surfaces GT , probabilistic
w x w xgeneration of finite groups GKS , GK , character values of unipotent
w x w xelements GM , the proof of the Kegel]Wielandt conjecture Kl , and the
w xproof of the generalized Wielandt conjecture GKL .
Our main result is:
THEOREM 1. Let G be a primiti¤e permutation group acting on a set of V
Ž .of size n. If x g G has the property that f x, V G 1r2, then one of theG
following holds:
1. G is an affine group with regular normal subgroup N. N is elementary
abelian of order 2 k and x acts as a trans¤ection on N. In this case
Ž .f x, V s 1r2.G
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U Ž . r Ž .2. F G s A and G F S X S , m G 5 , where the wreath productm m r
acts on V s Dr and S acts on D; either D is the set of k-subsets ofm
m r 4 Ž . < < Ž . < <1, . . . , m , k F mr4 and D s , or m s D s 6 and n s 6 .k
U Ž . r3. F G s L and G F L X S , where L is an almost simple group1 r 1
Ž . Ž . rof type O 2 with m G 6, L s soc L , and V s D , where D and x g Lm 1 1
are one of the following:
Ž . Ž . y Ž .a L s O 2 , k G 3, D is the right cosets of O 2 , and x is a1 2 kq1 2 k
< < ky1Ž k .trans¤ection. In this case D s 2 2 y 1 and
1 1
f x , D s q .Ž . L1 k2 2 2 y 1Ž .
Ž . q Ž .b L s O 2 , k G 4, D is the set of nonsingular points in the1 2 k
< < ky1Ž k .natural module and x is a trans¤ection. In this case D s 2 2 y 1 and
1 1
f x , D s q .Ž . L1 k2 2 2 y 1Ž .
Ž . y Ž .c L s O 2 , k G 3, D is the set of right cosets of the stabilizer of1 2 k
a singular point of the natural module V of L , and x is a trans¤ection. In this1
< < Ž k .Ž ky1 .case D s 2 q 1 2 y 1
1 1
f x , D s q .Ž . L1 k2 2 2 q 1Ž .
Ž . qŽ .d L s O 2 , D is the set of right cosets of a conjugate of1 8
Ž . Ž .Spin 2 s Sp 2 acting irreducibly on the natural module of L , and x is7 6 1
conjugate ¤ia an outer automorphism of order 3 to a trans¤ection. In this case
< < ky1Ž k .D s 2 2 y 1 and
1 1
f x , D s q .Ž . L1 k2 2 2 y 1Ž .
In case 1, all examples are known, since G is a semidirect product of N
Ž .with a point stabilizer H. Since H acts irreducibly on N by primitivity , all
Ž . w xsuch examples are known and there are not many examples . See McL
for the complete list.
We remark that case 3d in the theorem can be obtained from case 3b by
applying a triality outer automorphism. Similarly, the example in case 2,
with m s 6, can be obtained from the standard example by applying and
outer automorphism from A . Note that in these cases the subgroup of6
the symmetric group is conjugate to the one obtained in the standard
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examples. This follows from the easy fact that if H and K are subgroups of
index n in G, with H containing no normal subgroup of G, then the
images of G in S via the embeddings obtained by acting on the cosets ofn
H and K, respectively, are conjugate if and only if there is an automor-
phism of G sending H to K.
In case 2, it is a simple computation to see that the minimal degree for
S on k-sets is the degree of a transposition. This degree is easilym
n y 2Ž .computed to be 2 . Similarly, the minimal degree of S X S withm kk y 1
< < k ky1V s m is 2m .
Taking into account the isomorphisms between alternating and classical
groups, we obtain the following immediate corollary to our theorem:
COROLLARY 1. Let G be a primiti¤e permutation group acting on a set V
U Ž . Ž .of size n. If F G is not a product of alternating groups, then f g, V F 4r7.G
U Ž . Ž .The maximum occurs when F G is a product of O 2 's.7
Our method of proof of Theorem 1 is mostly by induction. Either an
element g g G embeds into a subgroup H when the theorem holds, or it
acts irreducibly on the natural module V of G. In the latter case we know
the size of the centralizer of g and can use estimates on character values
to handle the situation. If g embeds into a suitably chosen subgroup H of
G, then either we are done by induction or we know the set V precisely
and can proceed by direct computation. We also use the results already
w xobtained in LS .
w xAs an application of our results, we show how to improve GN Theorem
C. We need to introduce some notation. Let G be a transitive permutation
group on the set X of cardinality n. Let M denote the moduli space ofg
Ž .genus g Riemann surfaces. Let M G, X denote the set of Riemanng
surfaces S of genus g such that there exists a cover f : S “ P1, where G
Žis the monodromy group of the cover i.e., the Galois group of the Galois
.closure of the cover and the corresponding permutation action is isomor-
w xphic to X. This is a quasiprojective subvariety of M . See GN for furtherg
details and references. The question that was first studied in detail by
w x Ž .Zariski Z was to determine when m G, X can be dense in M . Heg g
Žproved that if g ) 6, then density implies that G is not solvable and this
.fails for g F 6 . Moreover, Zariski also observed that the critical case is
Ž Ž .when G is primitive on X he noted that if G, X satisfies the property,
Ž .then so will G, Y for Y a primitive G-set that is a G-homomorphic image
of X, and one gets all examples by composing indecomposable covers with
.covers of the sphere by itself .
w xIn GN Theorem C, it was shown that if g ) 4 and X is primitive, then
Ž .M G, X dense implies that G is a symmetric or alternating group ofg
degree r and X is the set of k-sets in an r-set for some k - rr2. If
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2 F g F 4, it was shown that G was also quite restricted. If g s 2 or 3, the
group theoretic restrictions do allow other possibilities, but it is not known
Ž w x.whether they correspond to examples see FG . Zariski had conjectured
that the necessary group theoretic conditions he stated were sufficient, but
Ž w x.in fact this is not the case see FG .
Using our main result, we can extend the result to g s 4 and list a small
number of possibilities for g s 3. We note that for g ) 1, the only known
example is for G s S with X of cardinality r.r
Ž .THEOREM 2. If g ) 2, G is primiti¤e on X, and M G, X is dense ing
M , then one of the following holds:g
Ž .1. G s S , r G gr2 q 1 or A , r G 2 g, and X is the set of k-subsetsr r
< <of an r-set for some 1 F k - rr2 or X s 6 and G s A or S ; or6 6
2. g s 3 and
Ž . < < Ž . Ž . Ž .a X s 8 or 16 and O G / 1 and G ( AGL 2 or AGL 2 ;2 3 4
or
Ž . < < Ž .b X s 7 and G s L 2 .3
This result, together with some work in progress in by Guralnick and
w xShareshian GS , allows one to conclude in the above result that k s 1 for
g G 4. We note that for g ) 1, the only known examples occur with
symmetric groups}there are examples for g s 1 with alternating groups.
2. PRELIMINARIES
DEFINITION 1. Let H be a group whose commutator subgroup is
Ž .quasisimple and let g g H. We define m g to be the largest fixed pointH
w xratio that g achieves on any permutation action where H, H acts
nontrivially.
w xLEMMA 1. Let g g H s A = B, where B, B is quasisimple such that the
Ž . w xprojection of g into B, denoted by p g , does not centralize B, B . If V isB
an H-set, then one of the following is true:
Ž . Ž Ž ..1. f g, V F m p g .H B B
w x2. B, B - H , where v g V and H is the stabilizer of the point vv v
in H.
w xProof. Let O denote the B orbits on V. If the action of B, B on ani
w xorbit O is trivial, then B, B is contained in the stabilizer of every pointi
w xbelonging to O , so 2 holds. We now suppose that B, B acts nontriviallyi
on every B orbit. An orbit O can contribute to the fixed points of g on Vi
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if and only if it is g-stable. Then g-stable B orbits are precisely the
Ž . w xp g -stable B orbits. Now if O is a g-stable B orbit, then because B, BA i
is quasisimple and because fixed point ratios are largest on primitive B
Ž Ž .. < <sets, the number of fixed points on O is at most m p g O . Thusi B B i
1
< <f g , V s f g , O OŽ . Ž .ÝH i iB< <V Ž .p g -stable-OA i
1
< <F Ým p g OŽ .Ž .B B i< <V
F m p gŽ .Ž .B B
and the lemma is proved.
Remark. If A in the lemma above has a quasisimple commutator
Ž .subgroup, then we can replace conclusion 1 with f g , V FH
 Ž Ž .. Ž Ž ..4 w x w xmax m p g , m p g and conclusion 2 with A, A = B, B - H .A A B B v
LEMMA 2. Let P be the semidirect product of an elementary abelian
normal p-subgroup U and a complement L whose commutator subgroup is
quasisimple and acts irreducibly on U. Let g g P be an element such that gU
is not in the center of PrU. If V is a P-set, then one of the following is true:
Ž . Ž .1. f g, V F m gU .P Pr U
Ž .2. Some point stabilizer P contains a conjugate of N l where l isv L
some element of U.
Ž .Proof. Let O be the U orbits on V, and if O is P-stable let Ker Oi i i
denote the kernel of the action of P on O . Since, by hypothesis, L actsi
Ž .irreducibly on U, we have that Ker O l U is either all of U or trivial.i
Ž .Now assume that the orbit O is P-stable. If Ker O l U s U, theni i
< <O s 1, and hence P acts trivially on O , so conclusion 2 certainly holds. Ifi i
Ž .Ker O l U is trivial, then, since U is abelian, O is a regular U-orbit.i i
Thus we may identify the elements of O with elements of U. Thusi
identifying some element v g O with some element l g U allows us toi
conclude 2.
Thus we may now assume that none of the U-orbits are P-stable. In this
case we argue as in the lemma above that the ratio of g stable U orbits to
Ž .the total number of U orbits is at most m gU , providing us with aPr U
Ž . Žgenerous upper bound for f g, V . The estimate is generous because weG
.are assuming that every point in a g-stable U orbit is fixed by g . The
lemma is thus proved.
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COROLLARY 2. Let P be the semidirect product of a normal p-subgroup U
and a complement L. Moreo¤er, suppose that the commutator subgroup of L
Žw x.is quasisimple and acts irreducibly on UrC L, L . Let g g P be an elementU
such that gU is not in the center of PrU. If V is a P-set, then one of the
following is true:
Ž . Ž .1. f g, V F m gU .P Pr U
2. Some point stabilizer P contains a conjugate of a subgroup K ofv
Ž . Žw x. w Ž . xN l , where l is some element of UrC L, L such that N l : K FL U L
< Žw x. <C L, L .U
Žw x.Proof. Replace the set V by the set of C L, L orbits on V. ApplyU
Žw x.Lemma 2 to the new set. Thus either 1 holds, or for some C L, L -orbitU
Ž .v we have that P contains N l . The claim follows.v L
Remark. In those situations where we apply Corollary 2, G is symplec-
Ž Ž ..tic or unitary and P s N C t , where t is a transvection. In these casesG G
< Žw x. <C L, L s 2 or 4.U
LEMMA 3. Let G be an almost simple group and g g G. Let c denote the
order of the centralizer of g in G, let m denote the smallest degree of a faithful
complex character of G. For any faithful G set V we ha¤e that
'1 c
f g , V F q .Ž .G 1 q m m
w xProof. This follows from Lemma 6.e in FM1 and the second orthogo-
nality relation of ordinary character theory.
3. PROOF OF THEOREM
w xFollowing the proof of 6.1 in LS , we may assume that G is almost
Ž . U Ž . 2simple of Chev 2 type, or that G is of affine type, or that F G s T ,
Ž . Ž .where T is a simple group and that G - Aut T X S and that f x, V s2 G
Ž < <. < x y14 <1r V t g T : t s t .
Ž .The last case does not lead to any examples, as f x, V F 3r8 in everyG
Ž w x . Ž x y1case see, for example, A , 5.7 . Note that t s t , and the order of x a
prime implies that x is an involution. Furthermore, since xtxt s 1, we have
that xt is an involution. Hence the number of fixed points of x on V is
.equal to the number of involutions in the coset xT. In the affine case the
yd Žw x.fixed point ratio of an element is p , where d s dim x, N . Thus thep
only time the fixed point ratio is at least one-half is when p s 2 and x acts
as a transvection on N.
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Ž .Thus we may assume that G is almost simple of Chev 2 type and that g
w x w xis an element of prime order or of order 4. By FM1 and FM2 , we may
Žassume that G is classical. Alternatively, one can use GAP to check the
small exceptional groups directly and argue as in the classical case for the
.other cases. We treat the linear, the unitary, and the orthogonal groups
separately in Propositions 1 through 3 below. The theorem follows at once
from those propositions. Note that we are treating the symplectic groups as
orthogonal groups in odd dimension.
w xFor small cases we assert Propositions 1 through 3 by quoting Con and
w x w xGAP . By this we mean that from Con we find out what the maximal
w xsubgroups are, and from GAP , using the command PermChars, we get
the permutation characters of every maximal subgroup. Our claims follow
by inspection. We use this argument for the following almost simple
Ž . Ž . Ž .groups of types: L 2 , n F 5, U 2 , n F 4, V 2 , n F 7. For the groupsn n n
Ž . Ž . Ž . w xof types U 2 , U 2 , V 2 , where 8 F n F 10, we use Lemma 2.7 of LS5 6 n
w x w xand the character tables given in Con and GAP to get a fixed point ratio
estimate. These estimates are all below 1r2, except when g is a transvec-
Ž .tion and G is not of type U 2 . In case g is a transvection, we embed it6
into the largest almost simple subgroup of G and use Lemma 1 and
induction to conclude that either the fixed point ratio is as claimed, or that
Ž . Ž . Ž .the point stabilizer contains U 2 in case U 2 , or that it contains V 24 5 ny3
Ž . w xin case G is of type V 2 . In these cases we can see from Con what then
possible actions V must be; in particular, we know that their degrees are
relatively small. So we can compute the permutation characters for the
w xremaining actions, using GAP as above.
3.1. The Linear Groups
Ž .In this section we let G be an almost simple group of type L 2 , V ben
Ž .the natural module of L 2 , and let V be a primitive G-set such thatn
w xG, G acts faithfully.
PROPOSITION 1. With the notation as abo¤e, we ha¤e that for all n / 4
Ž .and all g g G, f g, V - 1r2.G
Proof. We induct on n. The cases n F 5 can be checked by computer
w x Ž .using GAP . We remark here that when n s 4 that L 2 ( A (4 8
w qŽ . qŽ .xO 2 , O 2 , and hence it falls into conclusion 2 of the main theorem.6 6
w x Ž Ž .. Ž .LEMMA 4. If g g G, G and dim C g G 1, then f g, V - 1r2.V G
w x Ž .Proof. Since g g G, G , we may assume that G s L 2 . By hypothe-n
sis, g is contained in the stabilizer of a vector of V. If g is conjugate to an
element in the Levi factor of the parabolic subgroup stabilizing a vector in
Ž . Ž .C g , then g g H ( L 2 , and we may use Lemma 1 and the inductiveV ny1
Ž .hypothesis to conclude that either f g, V - 1r2 or that a conjugate ofG
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H is contained in the stabilizer of a point of V. In the latter case, we may
w xconclude, using the main theorem of McL , that the action of G on V
must be equivalent to that on the cosets of the stabilizer of a 1 or n y 1
subspace of V. If g is not conjugate to an element in the Levi factor, then
g is unipotent and hence, by assuming prime order, is an involution. Hence
every Jordan block of g is at most two-dimensional. So if g does not
embed into a subgroup conjugate to the Levi factor H above, then n is
Ž .even and every Jordan block is of size 2. So there exists ¤ g C g suchV
Ž Ž ..that the pair g, N ¤ satisfies the hypothesis of Lemma 2. So again,G
either the desired conclusion holds by induction or the stabilizer of a point
ny2 Ž .of V contains a parabolic subgroup of H of type 2 : L 2 . Again,ny2
w xusing McL , we conclude that the G action on V is equivalent to the
action on the cosets of a stabilizer of a 1, 2, n y 2, or n y 1 subspace of V.
Ž .If the action on V is the action on 1 or n y 1 spaces, then f g, V sG
Ž c . Ž n . Ž Ž ..2 y 1 r 2 y 1 where c s dim C g , and the conclusion of the lemmaV
holds. If the action on V is the action on 2 spaces and g is the element of
order 2 above that does not embed into a Levi factor, then
3 2 n y 2 n r2 2 n r2 y 1 2 n r2y1 y 1Ž . Ž . Ž .
f g , V s q .Ž .G n ny1 n ny12 y 1 2 y 1 2 y 1 2 y 1Ž . Ž . Ž . Ž .
ŽTo see the last equality, we count the number of fixed 2 spaces by
Ž .counting the number of 2-subspaces in C g , which is the numerator ofV
the second summand, and counting the number of g-invariant 2-subspaces
on which g acts as a transvection, which is precisely the number of vectors
Ž ...in V _C g . Again, the desired conclusion holds and the lemma isV
proved.
Ž .LEMMA 5. If g g L 2 , n G 3, is an element that acts irreducibly on V,n
Ž .then f g, V - 1r2.G
Proof. For n F 5 we check the assertion of the lemma directly, using,
w xfor example, GAP . So we assume that n G 6. By Lemma 3 we have
'Ž . Ž . Ž .f g, V F 1r 1 q m q c rm, where c s C g and m is the minimalG G
degree of a complex character of G. Since g acts irreducibly on V, we have
Ž . n w xthat C g is a Singer cycle, and hence c s 2 y 1. From TZ we getL Ž2.n n Ž .that m G 2 y 2. Thus, since n G 6, we get that f g, V F 1r63G'q 63 r62 - 1r2.
Ž . ² :LEMMA 6. Let g g L 2 , N G 3. If as an F g -module V is a directn 2
² :sum of nrd irreducible F g -modules, each of dimension d G 2, then2
Ž . Ž .f g, V - 1r2, unless d s 2, n s 4, and G s A , in which case f g, GG v 7 v G
s 5r8.
GURALNICK AND MAGAARD136
w xProof. We check the cases n F 5 directly, using, for example, GAP .
We now induct on n.
Ž . Ž .By hypothesis, g g H ( L 2 = L 2 , and H is the Levi factor ofd nyd
some parabolic stabilizing the d space spanned by one of the irreducible
² : Ž .summands of g on V. Now by Lemma 1, f g, V - 1r2, unlessG
Ž .L 2 is contained in G or n s 6, d s 2, and G contains A . In thenyd v v 7
w xlatter cases we conclude by McL and the fact that g g G that either Gv v
Ž .is the stabilizer of a d-space, an n y d-space, or n s 2 d and G s L 2 Xv d
Ž . Ž .S or n s 6 and G s Sp 2 . If n s 6 and G s Sp 2 , then2 v 6 v 6
2 c 29
f g , G F F ,Ž .v G 6 5 3L 2 :Sp 2 2 2 y 1 2 y 1Ž . Ž . Ž . Ž .6 6
Ž Ž ..2where c s dim C g . Now we turn to the other cases. The number ofL ŽV .
d or n y d subspaces fixed by g is at most
n2 y 1
dL 2 : P s ,Ž .n r d 1 d2 y 1
where P is the stabilizer of a 1 subspace in the natural module of1
Ž d.L 2 , so in this case,n r d
1 2 n y 1 2 dy1 y 1 1Ž .
f g , V F F - ,Ž .G d ny1w xG: P 22 y 1 2 y 1d
where P is the stabilizer of a d-dimensional subspace in G. Finally, whend
Ž . Ž .G s L 2 X S , then if g acts inhomogeneously on V, then f g, V sv d 2 G
w x2r G:G , or if g acts homogeneously on V, thenv
2 d 2 d q 1 1Ž .
f g , V F - ,Ž .G w xG:G 2v
where the numerator is the number direct sum decompositions of a
two-dimensional vector space over F d into two one-dimensional sub-2
spaces.
Ž . Ž .LEMMA 7. If g g G_ L 2 is an in¤olution, then f g, V - 1r2.n G
w xProof. In LS, p. 286 we find an explicit list of conjugacy class repre-
sentatives for involutions satisfying the hypothesis of this lemma. We find
that g is conjugate to the inverse transpose map when n is odd. When n is
even, either g is conjugate to the inverse transpose map or g normalizes a
Ž .2 Žsubgroup L 2 in such a way that it interchanges the two factors forn r2
w xexample, the matrix S in LS interchanges the sets odd and even indexed
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. Ž .2basis vectors . In the latter case, we consider the H [ z L 2 orbits onn r2
Ž .2V. If L 2 acts faithfully on an orbit O, then either H is a diagonaln r2 v
Ž Ž ..subgroup isomorphic to L 2 or H is a subgroup of M = M, wheren r2 v
Ž .M is a maximal subgroup of L 2 , and accordingly,n r2
1
2f g , O F min ,Ž Ž . .Ž . N L 2G n r2 L 2 : KŽ .n r2
Ž .where K ranges over the proper subgroups of L 2 . So clearly, as n G 6n r2
Ž . Ž .22f g, O F 1r7. So the lemma follows if L 2 acts nontriviallyN ŽL Ž2. . n r2G n r2
Ž .2on every orbit O on V. If L 2 acts nonfaithfully on one of its orbitsn r2
on V, then as g g G it must act trivially, and in that case G sv v
Ž Ž .2 .N L 2 . In this case the action is trivial on exactly one orbit andG n r2
Ž .faithful on all of the others, and again it follows that f g, V - 1r2.
So now we may assume that g is the inverse transpose map. In this case
Ž .g clearly normalizes a conjugate of L 2 , on which it acts as the inverseny1
transpose map. By Lemma 1 and induction, either we have our desired
Ž . w xconclusion or a point stabilizer contains both g and L 2 . By McLNy1
Ž Ž ..that means that G s N L 2 , and hence G is the stabilizer of av G ny1 v
point hyperplane pair where the point lies outside the hyperplane. Now g
Ž . Ž U U . Ž U .sends a point hyperplane pair p, h to p , h where means dual . So
Ž . Up, h is g-stable only if p s h, and hence the point p determines at most
one g-fixed point. Thus
w xG: P 1 11
f g , G F F - ,Ž .v G ny1w xG:G 22v
and the lemma follows.
Since every element of G of prime order satisfies the hypotheses of one
of the lemmas in this section, we have proved Proposition 1.
3.2. The Unitary Groups
In this section G denotes a group whose commutator subgroup is a
Ž .quasisimple group of type U 2 , n G 5, with natural module V. By G wen L
Ž . w xdenote G l GL V . As usual, V is a primitive G-set on which G, G acts
w xfaithfully. We note that every automorphism of G, G is induced by a
semilinear map of V.
PROPOSITION 2. With the notation as abo¤e, we ha¤e that for all n G 5
Ž . Ž .and g g G_ Z G , f g, V - 1r2.G
Proof. We induct on n. The cases n F 6 can be checked by computer,
w xusing GAP , so we assume that n G 7.
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Ž² :. Ž Ž² :..LEMMA 8. If g g N ¤ , where ¤ g V and gO N ¤ does notG 2 G
Ž² :. Ž Ž² :. Ž .centralize N ¤ rO N ¤ , then f G, V - 1r2.G 2 G G
Proof. By hypothesis, g is contained in the stabilizer of a one space
² :¤ of V. If ¤ is nonsingular with respect to the Hermitian form defining
w x Ž .G, G , then g satisfies the hypothesis of Lemma 1 and either f g, V -G
Ž² :. w x1r2 or G s N ¤ , using McL . If ¤ is singular with respect to thev G
w xHermitian form defining G, G , then g satisfies the hypothesis of the
Ž .corollary to Lemma 2, and either f g, V - 1r2 or G contains theG v
Ž .centralizer of some nondegenerate with respect to the Hermitian form
subspace of V of dimension 2. Thus G is either the stabilizer of somev
one-dimensional subspace of V or the stabilizer of some two-dimensional
subspace of V. In all cases the lemma follows from a straightforward
w xcalculation; see GK Propositions 3.12 and 3.13.
Ž . Ž .LEMMA 9. If g g GU 2 , d G 4 acts irreducibly on V then f g, V -d G
1r2.
w xProof. For n F 6, we check the claim using GAP . As in the linear
w x Ž dy1 . w xgroup case, we use Lemma 3. By SZ m G 2 2 y 1 r3 and by LS
d Ž .Proposition 1.5, c s 2 q 1. As d G 7, we get that f g, V F 1r3, andG
the claim follows.
Ž .LEMMA 10. Let g g G , where G is of type U 2 , n G 4. If as anL n
² : ² :F g -module, V is a direct sum of nrd irreducible F g -modules, each of4 4
Ž .dimension d G 2, then f g, V - 1r2.G
w xProof. For n F 6 we check our assertion using GAP . If every irre-
Ž ² : .ducible summand of G as a g module is singular with respect to the
Ž .Hermitian form, then g embeds into the Levi factor of a GL 4w n r2x
Žparabolic. Note that n must be even in this case. Also note that when
Ž .d s 2 this is the only case that can occur, since U 2 does not contain2
.elements that act irreducibly on its natural module. In this case by
w x Ž . Ž .Lemma 1 and LS , we have f g, V F 1r3 or G is either a GL 4G v w n r2x
Ž . Ž . w xparabolic or GL 4 .2 and f g, V F 1r G:G q 1r3 - 1r2. So wew n r2x G v
may assume that one of the summands of V is nondegenerate with respect
Ž Ž . Ž ..to the Hermitian form, and hence g g GU 2 = GU 2 l G. Byd nyd
Lemma 1 and induction, we get our desired conclusion, or that G is thev
stabilizer of a nondegenerate d subspace of V, or that G is the stabilizerv
of a decomposition of V into two nondegenerate d-dimensional suspaces.
ŽIn either of those last cases, we get estimates as in the linear case Lemma
.6 . The lemma follows.
Žw x.Now every element of g of prime order in GrZ G, G lifts to an
element in G that satisfies one of the hypotheses of the lemmas in this
Ž Ž .section, so Proposition 2 is proved. Note that the involutions in G_ Z G
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are unipotent and thus lie in the stabilizer of a singular one-space; hence
.they satisfy the hypothesis of Lemma 8.
3.3. The Orthogonal Groups
In this section G denotes a group whose commutator subgroup is a
Ž . qŽ . Ž .simple group of type O 2 , n G 5, but not of type O 2 ( L 2 ( A ,n 6 4 8
with natural module V. When n is odd, V is not irreducible but rather is
indecomposable, with a one-dimensional submodule and an irreducible
quotient. Customarily the irreducible quotient is the natural module, but
in that case one would regard G as a symplectic group. So in this section,
Ž . Ž .for the sake of uniform treatment, we regard Sp 2 as O 2 . As2 k 2 kq1
w xusual, V is a primitive G set on which G, G acts faithfully. Now unless
Ž .n s 8, we have that Aut G is the full orthogonal group. We check the
w xcase n s 8 using GAP .
PROPOSITION 3. We keep the notation as abo¤e. If k is as below and
Ž . Ž .g g G is not conjugate in Aut G to a trans¤ection, then f g, V - 1r2. IfG
Ž .g is conjugate to a trans¤ection, then f g, V - 1r2, unless one of theG
following is true:
Ž . y Ž .1. G s O 2 , k G 2, G s O 2 , and2 kq1 v 2 k
1 1
f g , V s q .Ž .G k2 2 2 y 1Ž .
q Ž . Ž . Ž Ž ..2. G s O 2 the full orthogonal group , k G 4, G s N O 2 ,2 k v G 2 ky1
and
1 1
f g , V s q .Ž .G k2 2 2 y 1Ž .
y Ž .3. G s O 2 , k G 2, V is the set of right cosets of the stabilizer of a2 k
singular point of the natural module V of G, and
1 1
f g , V s q .Ž .G k2 2 2 q 1Ž .
q Ž . Ž . Ž Ž ..4. G s O 2 the full orthogonal group , k s 4, G s N Spin 22 k v G 7
acting irreducibly on the natural module of G, and
1 1
f g , V s q .Ž .G k2 2 2 y 1Ž .
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Proof. We induct on n after we check the cases n F 10 directly using
w xGAP .
Note that we may assume that g has prime order. For once we have
proved the result for elements of prime order; then the result follows for
an arbitrary element g unless g is a 2-element and some power is
Žtransvection. However, transvections are not squares in G this is clear in
the even dimensional case, since transvections generate the outer auto-
morphism group}in the symplectic case, this follows by reducing to the
.stabilizer of a three-dimensional space .
LEMMA 11. Let W be a nondegenerate orthogonal space of minus type and
Ž .dimension d G 4. If g g O W acts irreducibly on W, then g g
w Ž . Ž .x w Ž . Ž .xO W , O W , and for any transiti¤e O W , O W -set L such that
w Ž . Ž .x Ž .O W , O W acts nontri¤ially, we ha¤e f g, L - 1r2.wOŽW ., OŽW .x
wProof. Let r s dr2. We use Lemma 3 and the fact that by LS,
x rŽ r . w x rProposition 1.5 , m G 2 2 y 1 , and that by SZ , c F 2 q 1 to conclude
Ž .that f g, L - 1r2. When d F 6, we check this assertion usingwOŽW ., OŽW .x
w xGAP .
² :LEMMA 12. If as an F g -module V is a direct sum of nrd irreducible2
² : Ž .F g -modules, each of dimension d G 2, then f g, V - 1r2.2 G
Proof. Again we may assume that n ) 10. If one of the irreducible
² :F g -submodules is nondegenerate with respect to the quadratic form2
Ž . Ž .defining G, then g g O 2 = O 2 . By Lemma 1 and induction, eitherd nyd
Ž . Ž . w xwe get f g, V - 1r2 or G contains O 2 . Again, by McL and theG v nyd
fact that g g G , we conclude that G is the stabilizer of a nondegeneratev v
d-subspace of minus type or that n s 2 d and G is the stabilizer of av
decomposition of V into two nondegenerate subspaces of dimension d of
minus type. Again a straightforward calculation, similar to the linear case,
gives the desired conclusion.
² : Ž .If every F g submodule is singular, then n s 2k and g g GL 2 , the2 k
Levi factor of a maximal totally isotropic subspace. As n ) 10, we may use
Ž .Proposition 1. So from Lemma 1 we can conclude that either f g, V -G
Ž .1r2 or that G contains GL 2 . In the latter case G is either thev k v
stabilizer of a maximal singular subspace or the stabilizer of a decomposi-
tion into two maximal singular subspaces. To proceed we return to the
Ž .setup of the proof of Lemma 1 with H s GL 2 . H is the stabilizer of ank
Ž .ordered pair S , S of maximal singular subspaces whose direct sum is V.1 2
Furthermore, G stabilizes a subspace or a pair of subspaces. Hence thev
Žset GrG contains the subset T of all totally singular k spaces S resp.v
Ž .. Ž .pairs of totally singular k spaces S, T such that dim S l S s 1.1
< < k Ž .Clearly T is not empty, so T G 2 y 1. By hypothesis, g g GL 2 doesk
not stabilize any one-dimensional subspaces or hyperplanes of S . Thus1
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Ž .whenever an H-orbit O is contained in T, then f g, O s 0. Since HH
does not act homogeneously on V, at most two H orbits are trivial, and we
denote the set of H fixed points by F. Now V s F j T j S , where S is
< < kthe union of H orbits that are not in F j T. Now T G 2 y 1, k G 5,
Ž .and g has no fixed points on T. So f g, F j T - 1r2. Furthermore, forG
X Ž X.every orbit O contained in S , f g, O - 1r2, by Proposition 1, so itH
Ž .follows that f g, V - 1r2. So the lemma follows.G
e Ž .Next consider the case that n is odd. Then g embeds in H [ O 2 .ny1
The result follows by induction unless either H is the stabilizer of a point
or g is a transvection in H. In the former case, the result follows by a
Ž w x .straightforward computation of fixed point ratios see GK , Sect. 3 . In the
latter case, it follows by induction that G contains the centralizer in G ofv
w xa nonsingular 3-space of V. In the latter case we use McL to conclude
that G is the stabilizer of a subspace of dimension or codimension atv
most two, and so a straightforward calculation gives the desired conclusion.
So we may assume that n is even. Assume that g fixes a nonsingular
Ž1-space. Let H denote the stabilizer of this 1-space note that this is
.always the case if g has odd order and the previous lemmas do not apply .
The result follows by induction unless H s G or g is a transvection andv
G contains the centralizer in G of a nonsingular 3-space. In the formerv
case, a straightforward computation yields the result.
w xIn the latter case we use McL to conclude that G is the stabilizer of av
subspace of dimension or codimension at most two, and so a straightfor-
ward calculation gives the desired conclusion. In the former case the
Ž . Ž cc . w x Ž Ž ..estimate f g, H - 2 y 1 r G: H , where cc s dim C g , yields theG V
desired conclusion whenever cc - n y 3. When cc G n y 3, then the
order of g is either 2 or 3, and the desired conclusion follows by
Ž . Ž . < G < < G <computing f g, H via the formula f g, H s H l g r g and ob-G G
serving that H l g G is a single H orbit. We now illustrate this when g is a
transvection and G is as in the conclusion of Proposition 3. If g is av
Ž . y Ž .transvection and G s O 2 , k G 2, G s O 2 , then2 kq1 v 2 k
ky1 kG : C g 2 2 q 1 1 1Ž . Ž .v Gvf g , V s s s q .Ž .G 2 k kG : C g 22 y 1 2 2 y 1Ž . Ž . Ž .G
q Ž . Ž Ž ..If g is a transvection and G s O 2 , k G 4, G s N O 2 , then2 k v G 2 ky1
2 ky2G : C g 2 y 1 q 1 1 1Ž . Ž .v Gvf g , V s s s q .Ž .G ky1 k kG : C g 22 2 y 1 2 2 y 1Ž . Ž . Ž .G
y Ž .If g is a transvection and G s O 2 , k G 2, V is the set of right cosets2 k
of the stabilizer of a singular point of the natural module V of G, then
GURALNICK AND MAGAARD142
Ž . Ž .f g, V is the ratio of singular vectors in C g versus the singularG V
vectors in V. Thus
2 ky1O : O l G 2 y 1Ž .2 ky1 2 ky1 v
f g , V s sŽ .G k ky1w xG : G 2 q 1 2 y 1Ž . Ž .v
1 1
s q .k2 2 2 q 1Ž .
So, finally, assume that n is even and g fixes no nonsingular 1-space. It
follows that g is an involution all of whose Jordan blocks have size 2, and
Ž .that, moreover, no point in C g is nonsingular. In this case g g P , theV 1
Ž .stabilizer of a singular point, in such a way that g, P satisfies the1
Ž . Ž .hypothesis of Lemma 2. So either f g, V - 1r2 or G contains O 2 .G v ny4
Ž Ž .Note that by induction, m gU - 1r2 because gU does not act like aP r U1
.transvection on U. In the latter case V must be the set of 1-, 2-, or
Ž w x3-spaces of V. Again a straightforward calculation see GK Propositions
. Ž .3.12 and 3.13 shows that f g, V - 1r2 when V is the set of 2- orG
3-spaces. When V is a set of 1-space, see the calculation below.
Thus Proposition 3 follows, and so with it Theorem 1.
4. PROOF OF THEOREM 2
w x w xBy GN, Theorem 6.1 , the result holds for g ) 4. See GN and the
references there for a general discussion of the translation of this problem.
< <Let n s X . Let E be a generating system x , . . . , x for G, with1 s
Ž . Ž .x ??? x s 1 and each x nontrivial. If x g G, define ind x s ind x, X1 s i
Ž . Ž .s n y orb x , where orb x is the number of orbits of x on X. Let us
Ž .define M G, X, E to be the collection of Riemann surfaces S of genus gg
such that there exists a branched covering f : S “ P1 with branch points
Ž .p , . . . , p associated with G, X as above, and so that x is a generator for1 s i
an inertia group of a point over p . Then the Riemann]Hurwitz formulai
yields
2 n q g y 1 s ind x .Ž . Ž .Ý i
i
Ž . Ž . Ž .Since M G, X is the finite union of M G, X, E , it suffices tog g
Ž .assume that M G, X, E is dense in M for some fixed E. As Zariskig g
observed, a necessary condition is that s G 3g.
w xNow assume that g s 4. By GN, 6.1 , it suffices to consider the case
U Ž . U Ž .F G simple. We may also assume that if F G s A is an alternatingd
group, then X is not isomorphic to the set of k-subsets of the d-set. By
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Ž .our main result, it follows that any nontrivial x g G fixes at most 4r7 n
Ž . Ž .points, whence ind x G 3r14 n. Hence, if s G 12, we see that 2n q
Ž . Ž .6Ý ind x G 18r7 n. This forces n - 11. If n - 27, our main resulti i
implies that x fixes at most nr2 points, whence the same computation
yields a contradiction.
w x U Ž .Now assume that g s 3 and so s G 9. By GN, 6.1 , either F G is
Ž .simple or n s 8 or 16 and O G / 1. So we may assume as in the2
U Ž .previous paragraph that F G is simple and is not A , with X being thed
set of subsets of size k in a d-set. If each x fixes exactly nr2 points, then
Ž .2n q 4 s Ýind x G 9nr4. This implies that n F 16. If no x fixes exactlyi
nr2 points, then a similar computation yields n - 8. If n F 7, an easy
inspection of the possible groups yields the conclusion that the only
Ž . Ž .possibility is G s L 2 acting on 1-spaces or hyperplanes , with each x a3 i
Ž .transvection. Now L 2 contains nine involutions which generate and3
Ž . Ž .whose product is 1. The reason for this is that L 2 has a 2, 3, 73
Ž . Ž .generating system and thus, because L 2 is simple, a 2, 2, 2, 2, 2, 2, 2, 33
Ž .generating system. Now any element of order 3 in L 2 factors as a3
product of two involutions. Thus case 2b of the theorem occurs.
So we may assume that some x fixes more than nr2 points. Sincei
U Ž . Ž .F G is simple and we are assuming that i does not hold, the main
result implies that G is either an orthogonal group or a symplectic group
Ž .over GF 2 , with X being given as in the theorem. Let 2k denote the
dimension of the natural module for these groups.
Ž . Ž .Then, Theorem 1 implies that for 2k G 8, ind x G 7r30 n. Thus
Ž .2n q 4 G 21r10 n and n F 40. However, for 2k G 8, n ) 40. So we need
only consider 2k F 6. If 2k s 4, then the actions are already allowed in
Ž Ž . qŽ . yŽ . .the conclusion because Sp 2 s S , O 2 is not simple and O 2 s S .4 6 4 4 5
qŽ . Ž .So assume 2k s 6. Since O 2 s L 2 s A and the action described6 4 8
on 2-subsets of an 8-set, this case need not be considered.
Ž .If G s Sp 2 , the n s 28 and the Riemann]Hurwitz formula allows for6
Ž w x.the following possible system types the labeling of classes is as in GAP :
1. Ten transvections.
2. Eight transvections and 2b.
3. Eight transvections and 2d.
4. Eight transvections and 3a.
However, none of these systems can generate G. To see this, we observe
Ž .that if one of the systems listed generated Sp 2 , then the Weyl group of6
Ž Ž . .E s Sp 2 [ 2 would be generated by either 10 reflections or eight7 6
reflections and an element type 2b, 2d, or 3a. Now in the seven-dimen-
sional reflection representation of the Weyl group of E , the dimensions7
of commutator spaces of 2b, 2d, and 3a are 4, 4, 2, respectively. The
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reflections have a one-dimensional commutator space, and so by Scott's
w x Ž .theorem Sc the group Sp 2 [ 2 can never be generated by either 105
reflections or eight reflections and an element of type 2b, 2d, 3a, eliminat-
Ž .ing Sp 2 as a possibility.6
Ž . yŽ .Similarly, we eliminate G s U 2 s O 2 . Here n s 27. It follows that4 6
eight of the x are transvections, and the last element is a 2b element.i
w xAgain, using Scott's theorem Sc on the six-dimensional module over the
complex numbers, we see that such a system cannot possibly generate G.
Ž .Finally, we consider the cases n s 8 or 16 and O G / 1. When n s 8,2
the generating system must contain elements that act as transvections on
Ž . Ž . Ž .O G . The only subgroup of L 2 that acts irreducibly on O G that2 3 2
Ž . 3 Ž .contains transvections is L 2 , and hence G s 2 : L 2 . Now using3 3
Ž .structure constants, we see that an element of order 7 in L 2 can be3
Ž .written as a product of seven transvections. Thus the 2, 3, 7 system for
Ž . Ž .L 2 from above also gives rise to a generating system for L 2 consisting3 3
of 10 transvections, say x , . . . , x , whose product is 1. Now by our1 10
Ž .construction the first three transvections of the L 2 system already3
Ž . Ž .generate L 2 . Now the centralizer of any two transvections in O G is3 2
Ž Ž . Ž ..nonempty. By Scott's theorem and the fact that H9 L 2 , O G s 0, we3 2
can lift this to an analogous generating set for G. Since the index of each
transvection is 2, we see, using the Riemann]Hurwitz formula, that the
system we have constructed has genus 3, so G is a possible example and
hence is in the conclusion of Theorem 2.
When n s 16, using the Riemann]Hurwitz formula, we see that any
genus 3 system must consist of exactly nine transvections. A proper
Ž .irreducible subgroup H of L 2 that contains transvections must be4
"Ž . Ž .conjugate to O 2 , or Sp 2 . Thus any transvection that lies in H must4 4
w xlie in H _ H, H , and hence the product of nine transvections in H can
4 Ž . Ž . Ž .never equal 1. Thus G s 2 : L 2 . Now L 2 has a 2 a, 5a, 7a generat-4 4
ing system. Using structure constants, we see that both the 5-element and
the 7-element can be expressed as a product of four transvections, and
Ž .hence L 2 is generated by nine transvections x , . . . , x whose product is4 1 9
1. Arguing as in the n s 8 case mentioned previously, we can lift this
generating system to a genus 3 generating system of G.
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